The unremitting pursuit for quantum advantages gives rise to the discovery of a quantumenhanced randomness processing named quantum Bernoulli factory. In this quantum enhanced process, quantum advantages can be proved through the readily available quantum resources. In this work, we thoroughly study the quantum state evolution within the quantum Bernoulli factory, allowing arbitrary unitary operations or measurements for producing multiparticle states. Theoretically we find a field structure of the constructible states, with which we further provide a framework analysis for the quantum Bernoulli factory, showing that the previous works can be viewed as specific examples within this framework. As a proof of principle, we experimentally demonstrate the quantum Bernoulli factory via an entangled two-photon source along with a reconfigurable photonic logic, and show the quantum advantages through a classically infeasible case by purely quantum operations. These results may stimulate the quantum advantages in simulating wider range of classically infeasible random processes. * These authors contribute equally to this work. † Electronic address: sunxiaoming@ict.ac.cn
I. INTRODUCTION
Quantum computers are trusted to be advanced over the classical machines in the field of information processing, because of the counterintuitive features of quantum mechanics [1] [2] [3] [4] , especially the quantum superposition and the entanglement [5, 6] . Despite that the current capabilities of quantum computers are confronted with the challenges from their classical competitors [7] [8] [9] , quantum computing is moving towards the era of "quantum supremacy" [10, 11] . During the pursuit for building practical quantum devices, it's found that quantum advantages can be proved immediately in a model of randomness processing named quantum Bernoulli factory [3] .
Consider the following task: given a biased coin with unknown probability p for head, can we simulate a balanced coin? The solution is that toss this coin twice, and output the result of the second toss if the two outcomes are different, or repeat the toss if they are the same [13] . In this way we obtain a classical Bernoulli factory (CBF) [7, 15, 16] for a balanced coin, i.e. a f (p)-coin with f (p) = 1 2 . This concept can be generalized for an arbitrary constructible function f (p) : (P ⊆ [0, 1]) → [0, 1] that satisfies the following three conditions: (1) it is continuous on its domain; (2) it doesn't reach 0 or 1 within its domain; (3) it doesn't approach 0 or 1 exponentially fast near any edge of its domain [2] . For some functions, such as f (p) = p 2 , it is easy to find such a process.
However, functions violating the conditions are infeasible for the CBF, such as the "Bernoulli doubling" function f ∧ (p) = 2p, p ∈ [0, 1 2 ] [18] . Significantly, generating f ∧ (p) becomes theoretically feasible on the quantum Bernoulli factory (QBF) [3] . The QBF starts from a quantum coin (or quoin), which is represented by a state |ψ p = √ p|0 + √ 1 − p|1 where p is the unknown parameter. By applying unitary operations on |ψ p and then measuring the state, classical infeasible coins can be constructed, and with further classical processing on the measured results, strictly more results can be produced in QBF than those can be produced in CBF. The f ∧ (p)-coin can be generated by using single-qubit unitary operations on |ψ p and measurements, associated with further classical coin tossing, or can be more efficiently constructed by conducting bell measurement on |ψ p ⊗ |ψ p along with much less classical operations.
These advantages were immediately experimentally demonstrated [4, 5] . However, the proposed QBFs are equipped with quantum processors customized for the Bernoulli doubling function f ∧ (p) = 2p. It's wondering that whether the quantum advantages within the QBF would be further enhanced if the quantum processors support arbitrary operations. In respect of this question, a study remove the restriction of unitary operations, but merely answered what single-qubit quantum states can be constructed from |ψ p , which is known as the quantum-to-quantum Bernoulli factory [1] .
In this work, we provide a thorough study about the processes of quantum state evolution within QBF by generalizing the quantum-to-quantum Bernoulli factory to cases where multi-qubit states are produced, and find a field structure of the constructible multiparticle states, which then allow post-selection when measuring the result states to produce input coins for the following clas-sical processing. We then provide a framework analysis about QBF, so that the previous works can be viewed as specific instances. Our analysis indicates that a multiqubit quantum processor can provide various enhancement in efficiency and a larger set of quantumly solvable problems. As a proof of principle, we experimentally demonstrate the QBF, and show the quantum advantages through a classically infeasible coin constructed through purely quantum operations.
II. RESULTS
Generalizing quantum-to-quantum Bernoulli factory for producing multi-qubit states. The quantum-to-quantum Bernoulli factory starts from the state |ψ p , and produce states in the form of |ψ o = k 0 (p)|0 + k 1 (p)|1 , where k 0 (p) and k 1 (p) are functions of p satisfying |k 0 (p)| 2 + |k 1 (p)| 2 = 1. For a single-qubit state, generally we can rewrite it as
where c(p) is the coefficient for normalization, and h(p) is a function of p. We say that a state |h(p) is constructible if it can be transformed from |ψ p in finite steps. In each step, we can use unitary operation or measurement, along with some auxiliary qubits. The auxiliary qubits can be either constructible states, or some constant single-qubit states in which the amplitudes are constant complex numbers. It has been proved that |h(p) is constructible if and only if h(p) belongs to the field M generated from p 1−p and the complex field (see supplementary for formula definition). Now we remove the restriction on the quantity of qubits contained in the result state. That is to produce an n-qubit state
from several copies of |ψ p in finite steps, where n ≥ 1 and k i (p) are functions of p, satisfying
We denote all the constructible states by the notion of Bernoulli states. For general cases, |K(p) may not be the direct product of n single-qubit states because of the entanglement, and has to be considered as a whole. Similarly, we can rewrite the n-qubit Bernoulli state as
where h i (p) = k i (p)/k 2 n −1 (p), and c(p) is used for normalization. In the following, we will ignore the normalization coefficient for simplicity. It is obvious that for arbitrary constructible states, each h i (p) belongs to the same set, because any two amplitudes can be switched under specific unitary operations. Let S be the set of h i (p) from all constructible |K(p) . Our result is the following theorem.
Theorem.
An n-qubit state |K(p) = 2 n −2 i=0 h i (p)|i + |2 n − 1 is constructible if and only if each h i (p) belongs to the field M.
Note that M is the same field which is used to characterize the constructible states in single-qubit cases. To construct arbitrary states, it only requires a small set of basic unitary operations. The proof and the approach to construct arbitrary Bernoulli states are placed in the supplementary methods [22] .
The framework of quantum Bernoulli factory. A QBF mainly contains two key phases, the state evolution and measurement on a quantum processor, together with the following classical processing. If no quantum operations are supported, the process is a CBF, as shown in Fig. 1(a) . A quantum processor can enhance the process in many aspects. To analyze the enhancement, we divide the QBF into three types, as shown in Fig. 1(b) .
(1) The first type is the QBF that supports only single qubit operations for quantum state evolution. Specifically, the only type of unitary used is
where a is a real number, and the functions constructed from the evolution result state is in a fixed format of
, which form a set denoted by Q 1 1 . In this notation, the '1's in the superscript and subscript respectively represent that the output states and the unitary operations are restricted in 1 qubit. For a ∈ (0, 1), f a (p) is not classically constructible because f a (p) reaches 0 when p = a. Associated with the further classical processing, it can reach a result set (denoted by Q 1 1 C) that is strictly larger than the purely classical processes [3] .
(2) For the second type, the QBF is enhanced by allowing arbitrary quantum operations for state evolution, and constructing a single-qubit state |ψ o = k 0 (p)|0 + k 1 (p)|1 to generate |k 0 (p)| 2 -coins for further classical processing. During the process, the quantumly constructed coins, i.e. the |k 0 (p)| 2 -coins, form a set denoted by Q 1 , and finally the classical processing can reach a set labelled as Q 1 C. However, it has been proved that
, which indicates that Q 1 1 C = Q 1 C (see supplementary for details). The enhancement on the quantum processor mainly accelerate the construction for some specific functions.
(3) Finally, the quantum processor is further enhanced by allowing arbitrary quantum operations and generating an n-qubit Bernoulli state (see equation (3)). Then we can apply joint measurement on this state, and apply post-selection to construct functions in the form of where B is the set of bases remained within the post selection, and H ⊆ B is the set of bases chosen for a head output. The post-selection along with the multiparticle states allow a wider range of quantumly constructible coins, which forms the set denoted as Q, and the complete set after classical processing is denoted as QC. The proposed experiment in ref. [5] using Bell measurement for 4p(1 − p)-coin is an example of this strategy, showing the advantage of post-selection in efficiency. We further provide the protocols for g(p)-coin on QBFs of different types in supplementary methods for clearer comparison. There are also some interesting results about the classical coins generated. We can make some breakpoints of the function k c (p), that is for some values of p, h i (p) = 0 for every i ∈ B. Nevertheless, these singularities can still be handled, resulting in that the functions constructed are still within the range of Q 1 1 C, which further indicates the equality between Q 1 1 C and QC [22] . In summary, the relationship of the constructible sets are shown in Fig. 1(c) .
Experimental demonstration. The classical coinflips can be easily realized on a personal computer, therefore the experimental hardness concentrates on the implementation of the quantum processor. Without losing generality, reaching all possible single-qubit Bernoulli states requires a set of basic operations for manipulating the relative amplitudes of states, including multiplicative inverse, multiplication and addition [1, 22] , which is used for expanding the field of Bernoulli states corresponding to M (see Fig. 2 (a)), and can be generalized for constructing arbitrary Bernoulli states.
As a proof-of-principle experiment, we design, simplify and demonstrate the circuits for the two-qubit basic operations, see Fig. 2 (b-d). For our experimental case, the inverse operation can be easily implemented by using a Pauli X gate. We focus on the realization of the multiply and add operations. The multiply operation can be implemented with two qubits and a C-NOT gate. The simplified circuit for add operation uses a C-M 0 X gate, which is implemented by adding control to a group of gate operations [23, 24] 
where M 0 (M 1 ) is the projection operator to |0 (|1 ). We built a configurable two-qubit photonic processor, as shown in Fig. 2 (e). By configuring the photonic logic, we can produce states |h 1 · h 2 and |h 1 + h 2 for multiply operation and add operation respectively. We take some typical states or random states as input, then measure the fidelities of the output states. The results are shown in Fig. 3 . The average fidelity of the states generated by multiply operations and add operations are 95.58% and 96.52% respectively.
Within the photonic logic, the C-NOT gate is the key component of the circuits, and has to be implemented with high quality. We evaluate the fidelity of the implemented C-NOT gate using the method proposed in [6] . The process fidelity of the C-NOT gate can be evaluated through the measurement of two truth tables in complimentary bases. We choose |H /|V basis and |D /|A basis for fidelity evaluation, and bound the process fidelity (F P ) through
where F HV (F DA ) is the fidelity of the truth table measured in |H /|V (|D /|A ) basis. The results of the fidelities of the two truth tables are shown in Fig. 4 , then we can evaluate the process fidelity of the C-NOT gate as 91.40% ≤ F P ≤ 94.16%. Our results offer a tight bound for the fidelity of this C-NOT gate. Experimental quantum advantage. A powerful quantum processor can directly construct various coins x-tick is the label of the test case, the corresponding detailed data can be found in supplementary information. The initial letter of the label represents the type of the input states, where "D" refers to |D /|A basis, "H" refers to |H /|V basis, "L" refers to |L /|R basis. "R" ("C") refers to random states with the parameters chosen to be real (complex) random numbers. The error bars stand for one standard deviation.
with better efficiency. Here we take an example of a
and experimentally demonstrate this case. This function is classically infeasible because f c ( 1 2 ) = 0, while it can be constructed by directly measuring the Bernoulli state
which can be constructed without any classical processing. We design the circuit for this state by the basic operations, and then simplify it to suit our photonic logic, as shown in Fig. 5 (a). The key component is also a C-NOT gate, but the part C is set to be Hadmard gate followed by a X gate. We measured the fidelity of the outcome states, and then get the success probability of the output coins by measuring the output state in σ z basis. The average fidelity of the states is 98.23%, and the results agree the theoretical values well, as shown in Fig. 5(b) . The success probability of the construction is Pr c = (2p − 1) 2 + 1 /16, which reaches the minimum value of 1/16 when p = 0.5. Owing to the post-selection and photon loss, we need averagely less than 100 quoins to construct this coin for p = 0.5. Because of the experimental imperfection, the experimental value at the violation point is 0.042, which corresponds to a truncation of
where ε = 0.042. This truncation offers possibility for classically constructing f ct (p). Here we provide a classical protocol for constructing f ct (p)-coin. We noticed that (2p − 1) 2 = 1 − 4p(1 − p). Therefore the elementary step of generating the (2p − 1) 2 -coin can follow the same procedure of constructing g(p) = 4p(1 − p) with a corresponding truncation error of ε g = 0.044, which requires about 2.285 × 10 4 classical coins when p = 0.5 [4, 7, 22] . Then f ct (p) can be constructed through generating k(p) = l(p)/(1 + l(p)), where l(p) = (2p − 1) 2 . In this procedure, the average consumption of l(p) coins is 2/(1 − l(p)) 2 = 2.190. In summary, the full procedure for constructing f ct (p) coin requires 5.003 × 10 4 classical coins. Note that this classical protocol may not be the optimal one, but is enough for showing the quantum advantage.
III. DISCUSSION
In this work, we thoroughly answer the question about what states can be implemented from |ψ p , regardless of the limit on the quantity of qubits. A more powerful quantum processor within a QBF can benefit in three aspects. (1) It can greatly enhance the construction efficiency; (2) It can reduce the resource consumption by orders of magnitude; (3) The quantum processor itself can directly generate classical coins from wider range. These advantages provide better stimulations with quantum advantages in the randomness processing. Besides, as we find that the non-unitary operations may bring in more speedup, as it was reflected by the simplified circuits of the add operation in the experiment, the quantum Bernoulli factory may still be further enhanced if non-unitary operations are allowed.
We experimentally demonstrate the quantum Bernoulli factory and show the quantum advantages in the efficiency and the resource consumption. These advantages are based on the theoretical priority of the quantum mechanism that the information encoded in the states can reach the complex field before being transferred into classical information. The classical protocol we provided is not optimal, but is enough for showing the quantum advantages. However, though the benefits of multiparticle operations are significant, they do bring in more experimental hardness. Our experimental setup is more complicated than previous experiments, and therefore is more sensitive to noise or subtle imperfect settings of the optical elements, requiring comprehensive balance between the processing efficiency, complexity of implementation and the fidelity of the result.
IV. METHODS
Experimental setup. In the setup (see Fig. 2 (e)), entangled photons are generated through the type-I SPDC process by focusing a diagonally polarized continuouswave laser beam with central wavelength of 405nm onto two orthogonal BBO crystals, generating state |ψ 0 = (|00 + |11 )/ √ 2, where |0 and |1 represent the horizontal polarization state and vertical polarization state respectively. Then the entangled photons are injected into two Sagnac structures. Within the Sagnac loops, the entangled photons are converted to be spatially entangled through the PBS part (the red reflecting surface) of the PBS/BS mixed crystal. In each spatial path, a half-waveplate and a quarter-waveplate are used for en-coding the input state
where the h 1 and h 2 are parameters of the input Bernoulli states. The four spacial modes pass through different optical elements. The polarizers in the "1T" and "1R" paths are fixed to be horizontal and vertical respectively. By placing different combinations of optical elements in the configurable parts labeled as A and B in the logic, we can implement different two-qubit operations. After being mixed in the BS part of the mixed crystal (the reflecting surface marked blue), and further operated by the configurable parts C, the state becomes
The state identification is done through a polarizer associated with a quarter-waveplate and a half-waveplate, and another polarizer is used for post-selection. At last, photons are filtered with two 3nm band filters.
For the multiply operation, the photonic logic is configured as a C-NOT gate. Specifically, the parts A and C are configured as identity, part B is configured as a X gate. We then measure the second qubit. If we get |0 , the remaining qubit collapsed to |ψ × = (h 1 h 2 |0 + |1 ). For the add operation, we configure A as identity, B as X·M 0 , and C as a Hadmard gate. The first X gate applied on the first qubit is merged into the state initialization by preparing the initial state to be |h −1 1 |h 2 . If we get |0 when measuring the first qubit, the remaining qubit will collapse to |ψ
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I. SET REFERENCE
In our paper, there appear many different sets. In this section, we give the formal definitions of the sets in this manuscript.
• Set M This set is the field generated from p 1−p and the complex field, where p is a unknown parameter. Specifically,
where g i (p) are polynomials of p with complex coefficients [S1].
• Set S This set is used to describe the range of Bernoulli states. Specifically, S is the set of relative amplitudes of the constructible states.
• Set C This set contains all constructible functions of classical Bernoulli factory. The characterization of this set can be described by the three conditions in the main text or [S2] .
It is the set of classical functions constructed by the quantum processor that evolves |ψ p using a specific type of unitary (equation (4) in main text), and therefore this set can be written as
This set is the constructible functions by firstly using the quantum processor embedded within the type-2 QBF to construct a single-qubit Bernoulli state with arbitrary finite operations, and then measure the single-qubit state to obtain a classical result. Specifically,
• Set Q This set is the constructible functions by the quantum processor of type-3 QBF. This is the general case for set Q 1 where the state generated are free of restrictions on the number of qubits. Specifically, we generate an n-qubit Bernoulli state |K(p) = c(p) 2 n −2 i=0 h i (p)|i + |2 n − 1 , and obtain a classical function in set
where h i (p) are the relative amplitudes of a Bernoulli state, B is the set of bases chosen in the measurement, and H ⊆ B is the set of bases chosen for a head output.
• Set Q 1 1 C This set is the constructible functions of type-1 QBF obtained by feeding functions in Q 1 1 into the classical processing. The characterization of this set is analyzed in [S3] .
• Set Q 1 C This set contains the constructible functions of type-2 QBF, obtained by feeding functions in Q 1 into the classical processing. We find that this set is equal to Q 1 1 C.
• Set QC
This set contains the constructible functions of type-3 QBF, obtained by feeding functions in Q into the classical processing. We find that this set is equal to Q 1 1 C.
II. PROOF OF THE MAIN THEOREM
Proof. Here we prove S = M. For simplicity, we write the state in the form of equation (3) in the main text, and omit the normalization coefficient c(p).
• Necessity: the necessity (S ⊆ M) can be easily obtained from the following statement:
Statement [S1] . For any constructible |φ = j s j (p)|j , the ratio of arbitrary two amplitudes of |φ belongs to M .
• Sufficiency: suppose we have implemented a state |K(p) = 2 n −2 i=0 h i (p)|i + |2 n − 1 , and another single-qubit state |L(p) = l(p)|0 + |1 where h i (p) ∈ S, (i = 1, 2, ..., 2 n − 2) and l(p) ∈ S. Without loss of generality, we show that the relative amplitude of |0 in |K(p) can be manipulated without changing other relative amplitudes. The other relative amplitudes can be manipulated in the similar way. The set that h 0 (p) belongs to is closed under addition and multiply, and containing multiplicative inverse for each element. Thus the set S is a field which contains element p 1−p and complex field. In other words, S = M. The details are shown as below.
-Inverse: because h 0 (p) ∈ S, we can implement a single-qubit state |h 0 (p) = c 0 (p)(h 0 (p)|0 + |1 ) according to the theorem of ref. [S1] . Switch the amplitudes of |0 |0 ⊗n and |1 |2 n − 1 of |h 0 (p) |K(p) , and then measure the first qubit. If we get |0 , the rest qubits will collapse to
So 1 h0(p) ∈ S. -Multiply: apply an (n + 1)-qubit unitary operation to switch the amplitudes of |0 |0 ⊗n and |1 |0 ⊗n of |L(p) |K(p) , and measure the first qubit. If we get |1 , the remaining qubits will collapse to
Thus h 0 (p)l(p) ∈ S. -Add: It requires an specific 2 n+1 × 2 n+1 unitary B n . This unitary looks like an eye matrix, with part of its diagonal similar to a Hadmard matrix
The up left 1 √ 2 appears at the 2 n th diagonal position, and the bottom right 1 √ 2 is in the (2 n + (k + 1))th position, where |k is the basis to conduct the add operation. Without loss of generality, we are going to manipulate the relative amplitude h 0 (p) with k = 0.
Then we apply B on |L(p) |K(p) , and measure the first qubit. If we get |1 , the state will collapse to
Then multiply |K A0 with a single-qubit constant state |ψ a = √ 2|0 + |1 on basis |0 of |K A0 (p) , we can obtain h 0 (p) + l(p) ∈ S.
Therefore, S is a field. We initially have access to |p and arbitrary constant qubits, so the generator of S contains p 1−p and the complex field. Then we conclude M ⊆ S. Combining the necessity and sufficiency, we complete our proof.
By using the operations, we know that each amplitude can be manipulated without changing other amplitudes, i.e. each amplitude can be manipulated independently. To apply the basic operations on different amplitudes, one can just slightly modify the auxiliary states and unitary matrix used, and follow the same procedure. As a special case, the unitary of the basic operations for single-qubit cases can be referred from [S1].
III. ALGORITHM FOR GENERATING ARBITRARY CONSTRUCTIBLE n-QUBIT STATES
If n = 1, i.e. we are going to construct a single-qubit Bernoulli factory, we can construct it following the procedure in ref.
[S1].
If n > 1, our method starts from a constant balanced n-qubit state (not necessarily normalized)
we can firstly generate a series of single-qubit states |f i (p) = f i (p)|0 + |1 , (i = 0, 1, ..., 2 n − 1) (S10) and then use the multiply operation to multiply |f i (p) with |Ψ on the corresponding basis one by one.
IV. PROOF OF Q ⊆ Q 1 1 C
Recall that Q 1 1 C is the final constructible set of type-1 QBF, and Q is the set of classical coins that can be generated by measuring a Bernoulli state that contains no less than one qubit.
Definition [S3] . 
(4) ∀w ∈ W , there exist constants c, δ > 0 and integer k < ∞ such that
(S12) 
where B is the set of bases remained within the post selection of the measurement, and H ⊆ B is the set of bases chosen for a head output. According to the main theorem, there exist a series of complex multivariate polynomials
For arbitrary f (p) ∈ Q, we prove that f (p) satisfies the SPB conditions.
• (1) f (p) is continuous. The only issue to consider about is that there might be some strange points that belong to both the zeros of the dominator and numerator. For example, we can construct a state
Note that this state is not normalized. Then we can obtain the classical function
(S16) via measurement if the outcome is |0 or |1 on condition of obtaining |0 , |1 or |2 . This function is continuous on [0, 0.5) (0.5, 1], and for other p ∈ [0, 1], it behaves exactly the same with
(S17)
Fortunately, we can handle this exception by using a small trick. Let f e (p) be the function after extracting factors involving the common zeros, so that there is no common zero between the numerator and dominator in f e (p) (such as s e (p) in equation (S17)). We denote the zeros of R i as Z i . It is easy to show that f (p) is continuous in [0, 1] − i∈B Z i , and obviously, f e (p) is continuous in [0, 1], and therefore f e (p) satisfies the SPB conditions, i.e. f e (p) ∈ Q 1 1 C. Since f e (p) : [0, 1] → [0, 1] is constructible, it is of course that f e (p) is constructible when we limit the range of p, i.e. f e (p) is constructible for p ∈ [0, 1] − i∈B Z i . Therefore, we can simulate f e (p) for p ∈ [0, 1] − i∈B Z i , which is equivalent to simulate f (p). In other words, we can extended f (p) to [0, 1], which is exactly f e (p). In this way, we can handle the continuity of the functions.
• (2) Both Z = z i : f (z i ) = 0 and W = w i : f (w i ) = 1 are finite sets. Because R i (x 1 , x 2 , x 3 ) are multivariate polynomials, so |R i (p, √ p, √ 1 − p)| is bounded when p ∈ [0, 1], and has finite zeros in [0,1]. We can then find out that the set of Z is
and obviously Z is finite.
In summary, both Z and W are finite. It is worth noting that at the breaking points of f (i.e. the joint set of all Z i for i ∈ B), the function f can be extended to be a continuous one with the inserted value given by equation (S17).
• (3) ∀z ∈ Z, there exist constants c, δ > 0 and integer k < ∞ such that
(S19)
This can be easily checked using Lemma 2.
• (4) ∀w ∈ W , there exist constants c, δ > 0 and integer k < ∞ such that
V. THE EQUALITY OF THE QC SETS
We provide an illustrative proof for this result, as shown in Fig. S1 . We firstly show that QC = Q 1 1 C. The quantum operations for type-3 QBF can reach a set denoted as Q, and with the above results, we know that Q ⊂ Q 1 1 C. Therefore, we can just replace the quantum processor of type-3 QBF with a complete type-1 QBF. Then, because of that Q 1 1 C is closed under the classical processing, the whole process is equivalent with a standard type-1 QBF, and we obtain the result that QC = Q 1 1 C. Owing to the same reason, we also have that Q 1 C = Q 1 1 C.
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VI. QBF PROTOCOLS FOR g(p) = 4p(1 − p)-COIN
Here we show that corresponding protocols in the view of framework of QBF for constructing function g(p) = 4p(1 − p). The classical function g(p) is an important function, that servers as the core elements for many other functions. In ref. [S4] , this function is experimentally constructed utilizing quantum coherence, and the results showed that quantum entanglement is not necessary for the construction. However, it has been experimentally shown that when utilizing quantum entanglement, the construction efficiency can be greatly enhanced, along with the reduction of resource consumption by two orders of magnitudes compared with the cases where only single-qubit operations are used.
The first protocol uses single-qubit operations, which has the following procedures. . This coin can be done by measuring |ψ p in D/A basis; , this procedure can be referred from ref. [S4] or section XI. Similarly, construct t-coin from n-coin, where t = n/(n + 1);
• 5: [Classical processing] construct a g(p) = 4p(1 − p)-coin from s-coin and t-coin. If the first toss is head, and the second toss is tail, then output head; if the first toss is tail and the second toss is head, then output tail; otherwise repeat this step.
The quantum state evolution in these procedures involves only single-qubit operation, which can be easily done on our photonic processor. The second protocol for g(p)-coin is finished in type-2 QBF, where arbitrary quantum operations can be applied for generating a single-qubit Bernoulli state, which is then measured to produce a classical coin for classical processing. In this protocol, the g(p)-coin can be generated by solely quantum operations and no more classical processes are required, because there luckily exists a single-qubit state for the g(p)-coin:
Measuring |ψ g in σ z basis can directly obtain the g(p)-coin. Assuring the existence of the corresponding Bernoulli state, we can then optimize the circuit that constructs |ψ g , as shown in the following procedures.
• 1: [Quantum processing] Apply CNOT on |ψ p |ψ p , resulting in
• 2: [Quantum processing] Apply Hadmard operation on the first qubit to obtain
• 3: [Quantum processing] Apply CNOT on |ψ 2 , and post-selecting the second qubit in |1 basis will give
• 4: [Quantum processing] Measure |ψ g will result in the target function.
The third protocol for g(p)-coin is generating a multi-qubit Bernoulli states for probability measurement. The first two steps are the same with the second protocol, then we directly measure the probability from this 2-qubit state, and g(p) is the probability of obtaining |01 on condition of obtaining |01 and |10
Compared with the second protocol, this protocol requires less gate operations. The implementation of the postselection together with the final measurement can be as complicated as the joint measurement, therefore we show that the protocol with multi-qubit Bernoulli states is the most efficient.
VII. THE STATE EVOLUTION IN THE EXPERIMENT
FIG . 2(e ) in the main text shows the experimental proposal. The entangled photons are obtained through the type-I SPDC process. Before being injected into the two Sagnac interferometers, the photons are in the following state:
where |0 and |1 represent the horizontal and vertical polarization respectively. Then each of the two photons goes into a Sagnac interferometer, which consists of a PBS/BS mixed crystal and three prisms. The PBS part of the cube converts the polarization-entanglement to the spatial entanglement, so that the state becomes:
where 1T , 2T , 1R and 2R represent different spatial modes labelled in FIG. 2(e) (main text). Four groups of waveplates (including one HWP and one QWP), denoted by T 1T , T 1R , T 2T and T 2R (the labels are not marked in the figure) are placed in each path. These waveplates work on the polarization of the four spacial modes, and prepare the states to
The initial state for the operations can be represented by
The configurable parts in each spatial mode are then applied to the states. In our implementation, the elements placed in modes of 1T and 2T are fixed to be the projectors in horizontal and vertical polarizations respectively, with the elements in the other two spatial modes reconfigurable. These optical elements turn the state to
where M 0 and M 1 are the projectors to |0 and |1 respectively. The success probability of this step is 1/2. A and B denote the two sets of configurable elements. After this operation, the spatial modes are mixed in the BS parts of the crystals. We post-select one of the ports of each crystal (where the probability amplitude is 1 √ 2 for each photon), eliminating the path information, and the state becomes
with success probability of 1/4. Finally, the configurable element C before the detector for the first qubit is applied on this state, and we obtained the final state
By configuring A, B, and C, we can realize different operations. It is worth noting that the reflection of the beam on the surfaces of prisms and the PBS/BS cube act as Pauli-Z gates, and can be compensated by a half-wave plate fixed at 0 • .
A. State evolution within the multiply operation
In multiply operation, the circuit is shown in Fig. 2(c) , where the Sagnac interferometers are configured to be a C-NOT gate. Specifically, the parts A and C are configured to identity, and B acts as a Pauli-X gate. For simplicity, the states in the following discussion are not necessarily normalized. The initial states are prepared to be
where h 1 and h 2 are the encoded parameters. Note that the states are not necessarily normalized. We can obtain a final state from equation (S32), that is
Combine equation (S33) and equation (S34), the result state is
We then post-select the second qubit in |0 basis, and the result state collapses to
Interestingly, if we post-select the second qubit of |ψ o in |1 basis, we can implement a division operation instead, turning the outcome state to be |ψ d = h1 h2 |0 + |1 .
B. State evolution within the add operation
The circuit to implement the add operation is quite complicated, which is to implement a unitary denoted by B:
The circuit requires 3 qubits and 5 control-operations.
Unitary B
FIG. S2: Circuits for Add Operation By Implementing Unitary B
where the unitary B consists of 4 C-NOT gates and 2 single-qubit rotation gates. By applying unitary B on the first 2 qubits, we obtain
The post-selection of the first qubit in |1 basis makes the second qubit collapse into:
Then multiply |ψ o2 with a constant state ( √ 2|0 + |1 ) produces the final state:
We simplify the circuit, as shown in Fig. 2(d) in main text. Practically, the reversion on the first qubit is merged into the initial state preparation, that is, we prepare the initial state to be
The configurable elements are then reconfigured for the add operation. Specifically, A is configured as identity, B is the M 0 X gate by using a half-waveplate and a polarizer, and C is the Hadamard gate. Combining with equation (S32), the output state before the post-selection is
Then, post-select the first qubit in |0 basis, and we will obtain the final state of |ψ a as shown in equation (S40). Similarly, if we post-select the first qubit in |1 basis, we can implement subtract operation instead.
C. Success probability of the operations
As discussed in the above section, the final state is obtained through several cascades of poet-selections. From the representations of the final output state, we can find that the success probability is different according to different values of h 1 and h 2 .
The success probabilities for the multiply operation and add operation can be calculated by
.
(S43)
It means that for some specific values of h 1 and h 2 , the success probability to obtain the result states become quite low, making it more difficult to evaluate the fidelity of the output state. The Probabilities of the two operations corresponding to the values of |h 1 | and |h 2 | are shown in Fig. S3 . The maximum success probability for multiply operation reaches 1 8 when |h 1 | = |h 2 | = 0 or |h 1 | = |h 2 | = ∞, corresponding to the cases where the initial state is |HH or |V V . For add operation, the maximum success probability is reached at 1 12 , when h 1 = h 2 = ± √ 2 2 . 
VIII. DESIGNING QUANTUM ALGORITHM FOR THE EXAMPLE COIN WITH BASIC OPERATIONS
We start with some identical quoins |p = p 1−p |0 + |1 . Note that the states are not necessarily normalized. Now we give the procedure for the example quoin |f q (p) = ((2p − 1)|0 + |1 ) in the main text. It is easy to summarize this procedure in the form of circuit, as shown in Fig. S4 . The next step is of course to simplify this circuit. Since we found that the two add operations in step 2 and step 3 are perfectly symmetric, and therefore the two add operations together with the multiply operation in step 5 can be replaced by a single Hadamard gate. The circuit can be easily simplified to the form as shown in Fig. 5(a) in the main text. We can easily write the result state as |ψ fq(p) = ((X · H) ⊗ I)(M 0 ⊗ I + M 1 ⊗ X)|ψ p |ψ p
By post-selecting the second qubit in the |0 basis, we can obtain the target state. The classical function f c (p) = (2p−1) 2 1+(2p−1) 2 is obtained by directly measuring this state in σ z basis.
Step1 Step2
Step3
Step4 Step5 
IX. EXPERIMENTAL PROPOSAL FOR |p
Besides the example of |f q (p) = (2p − 1)|0 + |1 , another important Bernoulli state is |p = p|0 + |1 . Though the corresponding classical coin is classically constructible, this state itself plays an important role in the construction of Bernoulli states [S1] . Note that the states are not necessarily normalized.
We start with the identical quoins |ψ p . The procedure for the Bernoulli state |p is similar with that for the example coin. By multiplying |ψ 4 with |ψ 1 , we would directly obtain |p . However, the circuit for |p is relatively harder to simplify, as shown in Fig. S5 . Fortunately, the photonic logic can be flexibly configured to generate this Bernoulli state. The photonic logic is first configured as a C-NOT operation, that is, A is configured to be identity, and B is configured to be X. Besides these configurations, several additional optical elements are placed in the control loop: a Hadmard gate is placed after the M 0 projector in the 1T route, and two projectors are placed after the M 1 projector in the 2T route to half the amplitude of the |1 part:
where M d is the projector onto state |+ = 1 √ 2 (|0 + |1 ). M d with two M 1 operators can reduce the amplitude of |1 by a half. After having been mixed at the BS part of the mixed crystal, the state becomes:
Then if we obtain |0 when measuring the second qubit, the remaining qubit collapses into |p .
X. EVALUATION OF C-NOT GATE
We configure the photonic logic to be a C-NOT gate, and then use the method proposed in [S6] to evaluate the C-NOT gate. The process fidelity of the C-NOT gate can be evaluated through the measurement of two truth tables in complimentary basis and then calculate the classical fidelities of the two truth tables through
where Pr(f (i)|i) denotes the probability to obtain the theoretical output f (i) when the input i is given. We choose {|HH , |HV , |V H , |V V } and {|DD , |DA , |AD , |AA } as the bases for the fidelity evaluation, thus the classical fidelities can be calculated through The results of the two truth tables of the C-NOT gate in the form of coincidence counts are shown in TABLE SI. By converting the coincidence counts into probability, as shown in TABLE SII, we can evaluate the classical fidelities of the two truth tables through 
The process fidelity of the C-NOT gate can then be bounded by
and the fidelity over all input states through the average gate fidelity is calculated through
where N = 4 for our 2 qubits system. The quantum advantage can be maximally illustrated in the example coin when p = 0.5. The photonic logic can generate |f (p) with success probability Pr c = (2p − 1) 2 + 1 16 (S53) which reaches the minimum value 0.0625 at p = 0.5. Thus averagely, it requires 16 |ψ p |ψ p states to obtain one result coin. To identify the loss of transmission, we firstly prepare the state |ψ p |ψ p , and place no optical elements in the spatial modes, and accumulate the coincidence counts. Then we place the optical elements in, and accumulate the coincidence counts of the results state. By comparing the two results of coincidence counts, we found that around 2/5 photons would be lost during the transmission (mainly caused by the polarizers). Thus totally we need about 27 copies of |ψ p |ψ p states, that is ∼54 quoins for one result coin with p = 0.5. Because of the experimental imperfection, the constructed function can be regarded as a truncated version f ct (p) = max (2p−1) 2 1+(2p−1) 2 , ε , with ε = 0.0424, which is classically possible. To show the quantum advantage, we provide the classical procedure for constructing f ct (p), and compare the resource consumption of the procedures.
We first note that f c (p) = l(p)/(1 + l(p)) where l(p) = (2p − 1) 2 . Hence l(p) = 1 − 4p(1 − p) can be regarded as the reversed coin of g(p) = 4p(1 − p). Therefore the key procedure of constructing f c (p) is the construction of g(p), which is studied in ref. [S4] and ref. [S5] . To suit the experimental imperfection, we can truncate g(p) as g t (p) = min (4p(1 − p), 1 − 2ε c ), where ε c = 0.0221. In this way, the number of coins required to construct a single l(p) coin is [S4, S7] 
Then we can construct the f c (p)-coin from l(p)-coin, that by tossing l(p)-coin twice, if the first toss is tail, then output tail; otherwise if the second toss is tail, output head; otherwise if both tosses are head, repeat this step. The averaged repeat time for this step is:
Since we have a truncation at p = 0.5, result in l(0.5) = 0.0443, and averagely it requires to toss l(p)-coin for 2N times, where 2N ≈ 2.190. In total, the consumption of classical coins is ∼ 5.003 × 10 4 . The quantum advantage is clearly shown here. This classical protocol is not optimal, but is enough for showing the quantum advantages.
XII. DETAILED DATA
We identified the quality of the output states by measuring its fidelity. Instead of doing a complete state tomography, we directly measure its fidelity because the theoretical output is already known, and we don't need other information contained in its density matrix. By measuring the counts of photons in the bases that parallel and orthogonal to the polarization of the theoretical state, we can evaluate the fidelity quickly. The data of the experiments are shown in TABLE SIII∼SV SIII: Results of the multiply operation. The initial state is prepared to be (h 1 |0 + |1 ) ⊗ (h 2 |0 + |1 ). The theoretical output state is (h 1 h 2 |0 + |1 ). The labels correspond to the bars in Fig. 3 in main text. Terms denoted by "RxM" or "CxM" are random generated real or complex numbers. The coincidence counts are accumulated in 10 seconds, except for the "CxM" cases and the "LxM" cases where the time accumulated is about 1 minute. CC is the coincidence counts obtained by setting the measurement basis parallel to the output state, and CC ⊥ is the coincidence counts obtained by setting the measurement basis perpendicular to the output state. 
